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THE  PHOTOS  LAST  IG  3STSRMIN' A.T  IQK  OF  STRESS  ON  TRANSVERSE  PLANES 


OF  SYMMETRY  FOR  THE  GENERAL  AXI-SYVMFTRJC  CASE 
Abstract 

The  method  of  O'Rourke  and  Saenz  of  treating  the  gross  retardation 
patterns  of  symmetrically  strained  cylinders  and  spheres  as  an  Abel  integral 
equation  is  combined  with  one  scsttered  light  measurement  to  provide  a com- 
plete solution  on  transverse  planes  of  symmetry  for  the  general  axl-symmetric 
problem.  A simple  expression  is  derived  for  three-dimensional  "notch  stresses. 


L Introduction 

The  standard  three -dimensional  photoelastic  techniques:  freezing- 

slicing, and  scattered  light  probing,  have  intrinsic  limitations.  Slicing 
is  destructive  of  the  model,  probing  requires  a multiplicity  of  measurements, 
and  neither  is  easily  adapted  to  dynamic  loading. 

The  idea  of  determining  the  interior  stresses  from  the  integrated 
relative  retardation  pattern  is  tantalizing  and  has  been  pursued  by  several 
investigators,  Poritsky^  achieved  a solution  for  cylindrical  bars  in  a 
state  of  plane  strain;  Foad  a solution  for  cylindrical  glass  bulbs  under 
restrictive  conditions,  Karamerer^  established  the  Integral  equation  for  the 
relative  retardation  in  the  axi-svmmetric  case  from  Neumann's^  equations. 

1 H.  Forltaky,  ftysics  £,  406-411  (1934) s 

2 U.  T.  ftead,  Jr.,  J.  Appl.  Fhja.  2J,,  250-257  (1950). 

' A.  Kasiwrer,  Recherches  sur  la  photoelasticimetrie  (Hermann  et  Cie. , 
Paris,  1944)  pp.  141,  157. 

^ F.  E.  Neumann,  Abh.  d.  Kon.  Akad.  d.  Wissenschaften  zu  Berlin  (1341) 

Part  II,  p.  1. 


O'Rourke  an d Saenz^  observed  th-t  this  ectiation  is  Abel's  integral  equation. 
They  concerried  themselves  with  axially  symmetric  plane  strain  in  long  cyl- 
inders and  radially  symmetric  stress  in  spheres,  but  required  a very  restric- 
tive sun  rule,  r (Tr  + (T^  . in  the  case  of  cylinders  to  obtain  a solution. 

This  restriction  was  removed  by  Saen2^  by  interferometric  data  and  by  Drucker 
and  Woodward  by  the  use  of  oblique  incidence. 

The  following  discussion  will  apply  to  the  general  axi -symmetric  case 
on  a plane  of  transverse  symmetry  of  an  elastic  body. 


11. EsalMsag. 


Let  the  normal  to  the  wave  front  be  parallel  to  the  '-j  -axis,  then  the 

g t 

Maxwell -Neumann  stress  optic  law  relates  the  relative  retardation  o , the 
principal  stresses  in  the  plane  of  the  wave  front  p , °\  (P>^)  , the  orienta- 
tion (f>  of  <\  with  respect  to  X , and  V , the  arc  tan  of  the  amplitude  ratio 
of  the  two  transmitted  waves,  as  follows: 


-+  C(p-s) 

" 1 
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where  C is  the  stress-optic  coefficient. 


^ R.  C.  0'RourV.e  and  A.  W.  Saenz,  5uart.  Appl.  Math.  8,  303-311  (1950). 

R.  C.  ntRourke,  J.  Appl.  Phys.  £2,  872-878  (1951). 
j?  A.  W.  Saenz,  J.  Appl.  thys.  gg,  962-965  (1950), 

' D,  C.  Drucker  and  W.  B.  Woodward,  J,  Appl.  Fhys.  g£,  510-512  (1954). 

® E.  G.  Coker  and  L.  Ji.  G.  Filon,  A Treatise  on  Photo-Elasticity  (Cambridge 
University  Press,  Cambridge,  1931)  p.  256. 
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Let  the  sjcI**  of  symmetry  be  2 . Then,  in  a usual  notation,  the  fol- 


0 

lowing  relations  hold : 

3£r 

9 r 

9 1 r 

(2) 

"9  Ci 
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u.  2lfj  + ir  =.  0 

1 Jr  r ^ 

(3) 
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■ fr  - j-  [■o-n 
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r 
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uhera  tt  is  the  displacement  i'i  the  f direction.  Eliminating  >A  between 
(4)  and  (5)  we  obtain: 


37-  (T» 


^[r0-Ko,f5)]:  -e~5t(4) 


In  the  plane  of  the  wave  front 


p-s  --  [(«i,  + «i  £-«; )l+  aT,\  -7!]* 


24>  - 


- 2TrJ 


P - s 
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III.  Transverse  Plane  of  Symmetry 

Let  2-0  be  a transverse  plane  of  symostry.  Let  , b be  the  inner 
an l outer  radii,  respectively,  of  the  section  of  the  body  cut  by  2 = o . 

On  if-o  . 0 • Hence,  fros*  (6),  - Q : therefore  (1)  and  (7)  become 

q A.  E.  H.  Love,  Mathematical  Theory  of  Elasticity,  4th  Ed.,  (Dover  Publica- 
tions, New  York,  1^44)  p.  274. 


(9) 


'i-c^  ~ _ r f p.a\  - r fc-  ~ r-  2S-  _ r-  JL  7 

^ L(p  L n ^ r‘  Ce“|?;0 

Consider  a pencil  of  circularly  polarized  light  along  the  path  X = O , 
Then  (9)  becomes 


(10) 


where  S (. r ) is  Weller's^  scattered  light  function  which  is  inversely  pro- 
portional to  the  spacing  of  the  interference  fringes  viewed  normally  to  the 
light  path. 

Let  R(X,2)  he  the  two-dimensional  map  of  the  integrated  relative 
retardation.  Put  (6)  and  (10)  in  (9)  and  integrate  across  the  chord  with 
respect  to  M . Let  ■t-jJb-X*]*  be  the  half  chord  length.  Then  since  all 


functions  are  even  in  ’d 

t 


t 

R < *.o)  : 2 jS(r)A*1  - 

o 0 

Changing  the  variable  of  integration  to  r and  transposing,  there  results 


(r.on 

ZZl  Jr 

6 r-  ( 

(11) 

X* 

since 

the  left  hand 

side 

of  (11)  vanishes  at  X * b , has  the  unique  continuous  inverse 

fL  ( 'Alr.o))  - J_  f R(-*‘0)  ' 1 /^?T7><ir  _ i + * _d 

dr  r 1 7rEC  °r/  x v/x'-r^  * ’ 6r 


no-'*  (12) 


1^  R.  Weller,  Nat.  Adv,  Comm.  Aero.  Tech.  Note  717,  19 
*1  E.  T.  Whittaker  and  G.  N.  Watson,  Modern  Analysis  ( 
Press,  New  York,  1945)  p.  229. 


1919. 

(Cambridge  University 
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where  ifl  an  experimentally  determined  function.  Integrate  (12  ) with 

resect  to  f . Then,  since  M(b):C, 


U { r,  o)  - r 


1^.  r Ur)  + ^Lb-£l 
Trec.  b 


(13) 


where  w(b_o)ls  determined  by  measure ment  or  is  computed.  (See  Section  IV« ) 
Sum  (4)  and  (5),  yielding 


CT_  + (71  : — — 
® i+y 


e-fvt  (^'  + 2>/<t] 


Finally,  solving  (6),  (10),  and  (17* ) 


°l  (no) - 
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d r J 


U(r'  0)  + y jU*.  (r.„i 
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^(r<  6 

' (i^)(.-iv)  L r dr 

where  (.  r ) is  given  hy  (13  ),  and  $(r)  by  (10). 


(U) 


C(i-Ii') 


(15) 

(16) 

5(0  (1?) 


IV.  Determination  of  ^ ( k,0,J 


v>(bojrr«y  either  be  measured  or  computed  as  follows:  Put  (2)  in 

(Q)  and  Integrate  with  respect  to  ^ . 


Integrate  t,h«  second  term  by  parts,  then  after  some  manipulation  (See  Appendix.) 

k 

f £ X-  , ( r.  Oi 

. n ; - r,(b.c)  ~ / 9?  r 

/ — r dr 

x 


b 

r 


(IB) 


Thin  is  again  Abel’s  integral  equation  with  t.he  unique  inverse 

C~3(ro)z  <Tr  (fe.o)- A-h  jVi  77CP1  *A*  + /iTT^  ’ >,ir  (19) 


Put  (2 ) in  (6),  then 


/ *r-  . ^ 6~i  _ t . ± i,-*  ^ ^ri 


~ «Tr>V-V^ 


- (»■»*)  A 


3Z 


(20) 


Integrate  (20)  with  respect  to  r . Then  this  with  (5),  (14),  and  (19)  yields 

b 

f-tA  1 r u(r,o>]  -- 

r dr  l I i b 7TC  r <jr/  i_  p 

r 

+ (•♦VK’-J-*)  cr^  ( r,  o) 


or,  integrating, 


b U.( 


w 
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I?  2 TT 


r 

where  P?^7r/<J?(p- °)r<jr  - total  axial  force  across  2:  o . 
Put  (13)  in  (21),  obtaining 

uv(b0>c-A± L*-Al*(cO-  AL‘  /*<£•>,  Ll*'H'z±«  -gl 

' (.♦*■] rffc  recJjTCT'  F nr  l 


(21) 


(22) 


If  in  particular  <x  i o , then 


© 

(A  ( bo)  : . [(•-J*')P-  AliAll  j Rix.o)  d X^j 


''22'  ) 
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V.  Altercate  Expression  for  (b,o) 


If  it  is  desired  to  obtain  only  the  axial  stress  on  the  outer  boundary 
of  the  section  2 r o , then  a simple  expression  may  be  derived  directly 
from  the  hfexwell-Neumt\nn  law.  Consider  (9).  let  jC— » b . Then  r -+  t>  * 

, S ( * . <i,  o)  — v 8 ( b,  o,  o)  z ft(b.  . Heplot  ft  ( x,  o}  as 
R ( t,  0s!  where  t ; [ t - x* ] * , Then  in  the  limit 


(23) 


where  C“  ( b,  o)  = the  normal  surface  traction  at  ( b,  o)  . Thus  <7^  ( b o') 
is  proportional  to  the  gradient  at  the  boundary  of  the  integrated  relative 
retardation  reckoned  as  a function  of  the  half  light  path.  We  observe  that 
(23)  is  consistent  with  (19)  if  R is  made  a function  of  t , Further*  if 
ix(,b,o)  is  known*  then  (5)  and  (23)  yield 


cr.  0) . E xtea  ♦„  (z  (m>  * * (t-ol]t;  J 


(24) 


Afijmgvlgdgwirt 

The  author  wishes  to  thank  Professor  R.  D.  Mindlin  for  suggesting 
this  investigation  and  for  hie  advice  during  its  course. 


Appendix 


Derivation  of  equation  (18) 


Into  prate  (9)  with  respect  to  V| 
t 


R(*.°)=  /[<v  Cr±-<r0  d v = f[(^-<r)+(<rr-c9)^]^j 


Then,  with  (2), 


1 

2 c 


RU.o)=/[c-,-c-(|5«  W'tflh 


Integrate  the  second  term  by  parts,  yielding 
t 


IT  *<'■•»=  j[q- g’WJ't  - [^H/ 

0 

-/iml.j" 

o 

* 

['irr(r.')]o  : J G~r  (b.oWM  , 


but  ~I  c — and 


*1  r 


hence 
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Consider 
t 


Ar-'^  = ^ 

o o b A k 

f /9  r ' 

: h/TT1^ 

1 b 


fr,J ' j 


Thus 


7 *» 

it  fu*<»=  ]['•*  - 

o 

Then,  changing  the  variable  of  integration  to  r , we  obtain  (18), 
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